Abstract-In this research, the Gaussian mixture density based analytical model of variation in key parameter of electronically tunable device has been originally proposed. The proposed model is applicable to any electronically tunable device with its tuning variable has been affected by any kind of noise with arbitrary parameters. It has been found from the verification by using different electronically tunable device based empirical distributions and the Kolmogorov-Smirnov tests that this novel model is very accurate. So, it has been found to be a convenient mathematical tool for the analysis and design of various electronically tunable device based circuits.
I. INTRODUCTION
Electronically tunable device for example, operational transconductance amplifier (OTA) [1, 2] , current conveyor [3, 4] , active resistor [5, 6] and the recently proposed voltage differencing differential difference amplifier (VDDDA) [7] etc., has been found to be applicable in many electronic circuits, for example filters [8] - [12] , oscillators [13, 14] , phase shifter [15] and full wave rectifier [16] . The key parameter of these devices for example the transconductance, g m of the OTA etc., has been found to be a function of the tuning variable of the device which can be either voltage or current. Theoretically, perfect tuning which zero variation in key parameter can be obtained is possible. This is because the tuning variable can be assumed to be noise free. Practically, such tuning variable is corrupted by noise. Hence, the perfect tuning mentioned above can never be achieved as noise induced variation in key parameter always exist. This variation is a random process as well as noise and its occurrence is a crucial issue in the analysis and design of any electronically tunable device involved circuit. So, the modeling of the behavior of such variation has been found to be beneficial.
According to this motivation, a novel analytical model of variation in key parameter of electronically tunable device induced by noise in the tuning variable has been proposed in this research. Its derivation has taken multiple time instances into account for completeness without regarding to any specific device and type of tuning variable. This model is applicable to any electronically tunable device either tuned by voltage or current even though such device may contain specific component e.g. Floating Gate MOSFET etc. It is also applicable to device affected by any kind of noise with arbitrary parameters even though such noise may be non-Gaussian [17] - [19] , for example, randomtelegraph-signal noise [18, 19] etc. This is because this model has been derived based on the renowned Gaussian mixture density [20] which has been used for analytical modeling of many non-Gaussian distributions [21] - [24] . Furthermore, the verification by using different electronically tunable device based empirical distributions as the references and the Kolmogorov-Smirnov tests states that this originally proposed model has been found to be very accurate. Hence, it has been found to be a convenient mathematical tool for the analysis and design of various electronically tunable device involved circuits.
II. DERIVATION OF THE PROPOSED MODEL
In this section, derivation of the proposed model will be presented. Obviously, any electronically tunable device is controlled by the tuning variable, u and generate the resulting key parameter x(u) where u can be either voltage or current and x(u) can be any parameter of the device under consideration for example, x(u) = g m if such device is a transconductor/OTA etc.
As u is corrupted by noise denoted by n(t) in practice, noise induced variation in key parameter, Δx(t), unfortunately arises and can be defined as
Since u is extremely small due to the currently renowned low voltage low power (LVLP) design trend, Δx(t) can be given by
where x´(u) stands for the derivative of x(u) with respected to u. It should be mentioned here that Δx(t) is a random process as well as n(t).
In order to analytically model the behavior of Δx(t) by taking multiple time instances into account, its multiple order distribution i.e. N th order distribution where N ≥ 1 has been found to be convenient. So, it is chosen as the proposed model. For its derivation, the N th order distribution of n(t) must be firstly determined. Since n(t) can be either voltage or current as well as u which means that n(t) is an electrical quantity, n(t) is stationary [18, 25] and has been assumed to be independent, identically distributed. As a result, the N th order distribution of n(t) can be analytically given as follows
where t 0 and f n (n(t 0 +kτ),t 0 +kτ) stand for the initial time instant and the distribution of n(t 0 +kτ) which denotes noise value at any k th time instant. It can be seen that totally N time instances i.e. t 0 , t 0 +τ,…t 0 +(N-1)τ, have been now taken into consideration. These time instances are equally distributed on time axis because any pair of t 0 +kτ and t 0 +(k+1)τ are obviously separated apart by equal time interval given by τ.
Since n(t) can actually be non-Gaussian with arbitrary parameters, it is appropriate to analytically model the distribution of n(t 0 +kτ) by a Gaussian mixture density as this density can model the distribution of any non-Gaussian random variation. So, f n (n(t 0 +kτ),t 0 +kτ) can be given by
where g ni (n(t 0 +kτ),t 0 +kτ) denotes the i th Gaussian density component of n(t 0 +kτ) which is a Gaussian density function with μ ni and σ ni as mean and standard deviation, M denotes the size of f n (n(t 0 +kτ),t 0 +kτ) which can be defined as number of components of f n (n(t 0 +kτ),t 0 +kτ) and P i stands for the weight of g ni (n(t 0 +kτ),t 0 +kτ).
With (2)-(4), the above definition of g ni (n(t 0 +kτ),t 0 +kτ) and the principle of random variable transformation which states that if Y is function of X, the distributions of X and Y are related by
the proposed model i.e. N th order distribution of Δx(t) can be derived as follows
where f Δx (Δx(t 0 +kτ),t 0 +kτ) denotes the distribution of Δx(t 0 +kτ) which is the value of Δx(t) at any k th time instant. Of course, f Δx (Δx(t 0 +kτ),t 0 +kτ) can be given by
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Since n(t) is stationary which means that its parameters such as P i , μ ni and σ ni etc., are time invariant, and x´(u) is time independent, Δx(t 0 +kτ) is identically distributed for any k ∈ {0, 1, 2,…, N-1}. This means that Δx(t) is independent, identically distributed and also stationary.
At this point, the proposed model has been already derived. It is applicable to the device affected by noise of any kind with arbitrary parameters because the Gaussian mixture density has been adopted as the basis. It is also applicable to the device affected by Gaussian noise by simply letting M = 1 and P i = 1. Moreover, it can be applied to any electronically tunable device with any kind of tuning variable as u can be either voltage or current and x(u) can be any parameter as mentioned above. This point will be illustrated in the subsequent section which the applications of this model to different electronically tunable devices will be demonstrated. Finally, x´(u) can be conveniently determined in a computer aided manner by using various software packages for example, Mathematica, Mathcad and MATLAB etc.
III. APPLICATIONS OF THE MODEL TO DIFFERENT DEVICES
Firstly, the application of the model to the voltage controlled current source (VCCS) will be illustrated where a VCCS proposed in [26] will be considered. 
Secondly the application of the proposed model to the active resistor will be shown. Here, the active resistor realized by using a special kind of MOSFET namely Floating Gate MOSFET (FGMOSFET) proposed in [27] will be considered. For this active resistor, the tuning variable and the key parameter have been found to be the controlling voltage, V c and the equivalent resistance, R ECH (V c ) respectively. By applying the model and let u = V c , x(u) = R ECH (V c ) and Δx(t 0 +kτ) = ΔR ECH (t 0 +kτ) where ΔR ECH (t 0 +kτ) denotes the value at any k th time instant of ΔR ECH (t) which stands for the noise induced variation in the equivalent resistance of this active resistor, the N th order distribution of ΔR ECH (t) can be analytically found as follows 
Next, the application of the model to the current conveyor will be illustrated where the 2 nd generation current controlled current conveyor (CCCII) proposed in [3] has been chosen for consideration. For this current conveyor, the tuning variable is the biasing current, I o and the key parameter is the parasitic resistance at port X of the CCCII, R X (I o ). Similarly to the previous cases, the N th order distribution of noise induced variation in parasitic resistance, ΔR X (t) can be determined by applying the model. In order to do so, we must let u = I o , x(u) = R X (I o ) and Δx(t 0 +kτ)=ΔR X (t 0 +kτ) where ΔR X (t 0 +kτ) denotes the value at any k th time instant of ΔR X (t). As a result, the N th order distribution of ΔR X (t) can be analytically given by 
Finally, the application of this model to the VDDDA will be shown where the VDDDA proposed in [7] will be considered. In this case, the tuning variable is the control current, I B and the key parameter is the transconductance, g m (I B ). Similarly to the previous cases, the N th order distribution of noise induced variation in the transconductance, Δg m (t) can be analytically determined by applying the model. In order to do so, we must let u = I B , 
At this point, it can be seen that the distributions of the variations in key parameters of different electronically tunable devices i.e. VCCS, active resistor current conveyor and VDDDA can be analytically obtained in the similar manner by applying the proposed model. Apart from these devices, this model can be applied to other electronically tunable devices as well for example, OPAMP, active inductor [13] , Operational Transresistance Amplifier (OTRA) [14, 28] , Current Difference Transconductance Amplifier (CDTA) [16] , Current Differencing Buffered Amplifier (CDBA) [29] , Voltage Differencing Transconductance Amplifier (VDTA) [30] , Voltage Differencing Buffered Amplifier (VDBA) [31] , Voltage Differencing Current Conveyor (VDCC) [32] and active transformer [33] etc. This is because it has been derived regardless to any specific device. Furthermore it is also applicable to those devices based on any special component apart from the FGMOSFET such as FinFET [34] and Carbon nanotube FET (CNTFET) [35] etc., since it has been derived regardless to any specific component.
IV. THE MODEL VERIFICATION
In this section, the verification of the proposed model will be addressed. It should be mentioned here that the 0.25μm CMOS process technology of TSMC has been adopted as the verification basis. Since Δx(t) is stationary which means that its behavior is time independent, it is sufficient to perform the verification at an arbitrary instant since the obtained results are always valid. Such verification has been performed based on the VCCS, active resistor, current conveyor (CCCII) and VDDDA proposed in [26] , [27] , [3] and [7] respectively. It has been assumed the tuning variable of the active resistor is corrupted by the impulse noise (random telegraph noise) [18, 19] where those of the VCCS and the current conveyor are respectively corrupted by the student-t noise and the Rayleigh noise which can occur since noise can be non-Gaussian [17] - [19] . On the other hand, the tuning variable of the VDDDA has been assumed to be corrupted by the Gaussian noise in in order to verify the accuracy of the model when applied to the device affected by such noise.
For the verification in the qualitative manner, the analytically determined distributions of ΔG m (t), ΔR ECH (t), ΔR x (t) and Δg m (t) obtained by using the proposed model have been comparatively plotted against their corresponding references which are the electronically tunable device based empirical distributions obtained by using the 0.25μm level SPICE BSIM3v3 based Monte-Carlo simulations with parameters provided by MOSIS. On the other hand, the verification in the quantitative manner has been performed via the KS-tests [36, 37] of these analytically obtained distributions. The KS-test has been chosen due to its simpler statistic compared to the others and its capability to fit nonGaussian distributions [37] . In general, the KS-test of any distribution can be performed by comparing its statistic, KS to the critical value, c where it can be stated that the distribution under test fits the empirical distribution at any certainly specified confidence level if and only if KS ≤ c. Mathematically, KS can be given by
where
denote the distribution under test and the empirical distribution respectively.
Since confidence level of the test is chosen to be 99%, c can be given by [36] n c 63 .
where n denotes the number of runs of each Monte-Carlo simulation. It should be mentioned here that c = 0.02976 because n = 3000. At this point, the model verification based on VCCS, active resistor, current conveyor and VDDDA will be subsequently presented.
A. The verification based on the VCCS affected by the student-t noise
In this subsection, the verification based on the VCCS with V c corrupted by the student-t noise, will be presented. Since it is assumed that the equivalent mean and equivalent standard deviation of noise are 0 V and 1.4239 nV respectively, its distribution can be analytically modeled by using a Gaussian mixture density. By letting M = 5 and applying the maximum likelihood parameter estimation, it has been found that P 1 = 0.31, P 2 = 0.005, P 3 = 0.68, P 4 = P 5 = 0.0025, μ n1 = μ n2 = μ n3 = μ n4 = μ n5 = 0 V, σ n1 = 2 nV, σ n2 = 20 nV, σ n3 = 5 . 1 nV, σ n4 = 15 nV and σ n5 = 10 nV. For the verification in the qualitative sense, the analytically determined distribution of ΔG m (t) has been comparatively plotted against its reference which is the VCCS based empirical distribution, as shown in Fig.1 where the horizontal axis shows that the unit of ΔG m (t) is the percentage of the nominal G m (V c ) which V c is noise free. From Fig.1, a strong agreement between the analytically determined distribution and its reference can be observed. For the verification in the quantitative manner, the KStest of the analytically determined distribution of ΔG m (t) has been performed. In this case, such distribution serves as
Probability ∆G m (t) (%)
where the VCCS based empirical distribution serves
. By using (12) , it has been found that KS = 0.00195 which satisfies KS ≤ c as c = 0.02976. This means that the analytically determined distribution fits its reference with 99% confidence. Since the results of the verification in both qualitative and quantitative manners have been found to be very pleasant, the accuracy of the proposed model has been now verified.
Furthermore, the analytically determined distribution of ΔG m (t) shows that ΔG m (t) has a student-t distribution with zero equivalent mean as the VCCS based empirical distribution does. ΔG m (t) has zero equivalent mean because V c is corrupted by noise with zero equivalent mean. The analytically determined distribution and the empirical distribution give the equivalent standard deviations of 7.27% and 7.06% respectively. It can be seen that these standard deviations are very close to each other. This also verifies the accuracy of the proposed model.
B. The verification based on the active resistor affected by the impulse noise
In this subsection, the verification based on the active resistor with V c corrupted by the impulse noise will be presented. Here, it has been assumed that such impulse noise has two levels.
Since the distribution of any two level impulse random signal, s(t) which the value of each level is deterministic, can be given by (14) where S 1 and S 2 are certain possible deterministic values of s(t), the distribution of two level impulse noise can be analytically modeled by using Gaussian mixture density with M = 2, P 1 = P and P 2 = 1-P. Since the equivalent mean and equivalent standard deviation of such noise are assumed to be 80 nV and 89.445 nV respectively, it has been found that P 1 = 0.5, P 2 = 0.5, μ n1 = 40 nV, μ n2 = 120 nV, σ n1 = 6 . 0 nV and σ n2 = 4 . 0 nV by using the maximum likelihood parameter estimation.
As the verification in the qualitative manner, the analytically determined distribution of ΔR ECH (t) has been comparatively plotted against its reference i.e. the active resistor based empirical distribution as shown in Fig.2 where the horizontal axis shows that the unit of ΔR ECH (t) is the percentage of the nominal R ECH (V c ) which V c is noise free. From Fig.2 , a strong agreement between the analytical distribution and its reference can be observed. As the verification in the quantitative sense, the KS-test of the analytically determined distribution of ΔR ECH (t) has been performed where such distribution serves as ) (x f X and the active resistor based empirical distribution serves as
Probability ∆R ECH (t) (%)
in this case. By using (12) , it has been found that KS = 0.018 which also satisfies KS ≤ c as c = 0.02976. This means that the analytically determined distribution fits its reference with 99% confidence. As the results of the verification in both qualitative and quantitative manners have been found to be very pleasant, the proposed model has been found to be accurate.
Moreover, both analytically determined distribution of ΔR ECH (t) and active resistor based empirical distribution show that ΔR ECH (t) has a Gaussian mixture distribution with two levels. The analytically determined distribution gives the equivalent mean and standard deviation of 8.96% and 10.02% respectively. On the other hand, the equivalent mean and standard deviation obtained from the empirical distribution can be respectively given by 8.42% and 9.42%.
It can be seen that these sets of parameters are very close to each other. This also verifies the accuracy of the model.
C. The verification based on the current conveyor affected by the Rayleigh noise
In this subsection, the verification based on the current conveyor i.e. CCCII with I o corrupted by the Rayleigh noise will be presented. It has been assumed that the equivalent mean and equivalent standard deviation of noise are given by 60.553 nA and 31.623 nA respectively. For the verification in the qualitative manner, the analytically determined distribution of ΔR X (t) has been comparatively plotted against its reference i.e. the current conveyor based empirical distribution as shown in Fig.3 where the unit of ΔR X (t) is the percentage of the nominal R X (I o ) which I o is noise free. From Fig.3 , a strong agreement between the analytically determined distribution and its reference can also be seen. Fig.3 . Analytically determined distribution of ΔR X (t) (line) v.s. The current conveyor based empirical distribution (histogram) As the verification in the quantitative sense, the KS-test of the analytically determined distribution of ΔR X (t) has been performed. Now, such distribution and the current conveyor based empirical distribution serves as ) (x f X and ) ( ' x f X respectively. By using (12) , it has been found that KS = 0.022 which also satisfies KS ≤ c as c = 0.02976. This means that the analytically determined distribution fits its reference with 99% confidence. At this point, the accuracy of the proposed model has been now verified according to the soundness of the results of verification in both senses mentioned above.
Probability ∆R X (t) (%)
Moreover, both analytically determined distribution of ΔR X (t) and active resistor based empirical distribution show that ΔR X (t) has a Rayleigh distribution. The analytically determined distribution gives the equivalent mean and standard deviation of 4.523% and 2.364% respectively. On the other hand, the equivalent mean and standard deviation obtained from the empirical distribution can be respectively given by 4.72% and 2.465%. It can be seen that these sets of statistical parameters are very close to each other. This alternatively verifies the accuracy of the proposed model.
D. The verification based on the VDDDA affected by the Gaussian noise
Now, the verification based on the VDDDA with I B corrupted by the Gaussian noise will be presented. It has been assumed that mean and standard deviation of such noise are 0 V and 1.1559 nV respectively. For the verification in the qualitative sense, the analytically determined distribution of Δg m (t) has been comparatively plotted against its reference which is the VDDDA based empirical distribution, as shown in Fig.4 where the unit of Δg m (t) is the percentage of the nominal g m (I B ) which I B is noise free. From Fig.4 , a strong agreement between the analytical distribution and its reference can be observed. . By using (12) , it has been found that KS = 0.00225 which satisfies KS ≤ c as c = 0.02976. This means that the analytically determined distribution fits its reference with 99% confidence. So, the proposed model has been found to be very accurate according to the soundness of the results of verification in both manners.
Probability ∆g m (t) (%)
Furthermore, the analytically determined distribution of Δg m (t) states that Δg m (t) has a zero mean Gaussian distribution as the VDDDA based empirical distribution does. Such distribution of Δg m (t) is obtained because I B is corrupted by a zero mean Gaussian noise. The analytically determined distribution and its reference give the standard deviations of 5.75% and 5.53% respectively which are very close to each other. This also verifies the accuracy of the proposed model.
V. CONCLUSION
The Gaussian mixture density based analytical model of the variation in key parameter of any electronically tunable device induced by noise in tuning voltage/current which can be any kind with arbitrary parameters, has been originally derived in this research. Its applications to different electronically tunable devices have been demonstrated. The verification performed by using different electronically tunable device based empirical distributions as the references and the 99% confidence level KS-tests states that this model is very accurate. Hence, it has been found to be beneficial to the analysis and design of various circuits involving electronically tunable devices.
